DFPD-lO/TH/9 



O 
(N 



Oh: 



X 



Rare muon and tau decays in A4 Models 

Ferruccio Feruglio u and Alessio Paris u 

Dipartimento di Fisica 'G. Galilei', Universita di Padova 
INFN, Sezione di Padova, Via Marzolo 8, 1-35131 Padua, Italy 



O ' Abstract 

m ■ 

We analyze the most general dimension-six effective Lagrangian, invariant under the 
r^ • flavour symmetry A4 x Z3 x U{l)F]\f proposed to reproduce the near tri-bimaximal 

lepton mixing observed in neutrino oscillations. The effective Lagrangian includes 

four-lepton operators that violate the individual lepton numbers in the limit of exact 
^S^ , flavor symmetry and allow unsuppressed processes satisfying the rule ALgAL^ALr = 

±2. The most stringent bounds on the strength of the new interactions come from the 
^ observed universality of leptonic muon and tau decays, from the agreement between 

\j^ ' the Fermi constant measured in the muon decay and that extracted from the mw/mz 

^N ■ ratio, and from the limits on the rare decays r~ — )■ /i+e~e~ and r~ — t- e'^fi^fi^. We 

1/-^ ■ also investigate these effects in a specific super symmetric (SUSY) realization of the 

l/^ ■ flavour symmetry and we find large suppression factors for all the processes allowed 

^? , by the selection rule. We explain why this rule is violated in the SUSY context and 

we provide a complete picture of lepton fiavour violation in the SUSY version of 



A4XZ3X U{1)fn- 
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1 Introduction 

The discovery of neutrino oscillations has added unexpected features to the flavour puzzle. 
Two lepton mixing angles are large, one of them being compatible with maximal mixing. 
The third angle is smaller than the other two and it may actually vanish. The central 
values of the mixing angles are remarkably close to those predicted by the tri-bimaximal 
(TB) mixing pattern [1], whose mixing matrix has a very symmetric form. There is still a 
certain amount of experimental uncertainty, particularly on the smallest angle and on the 
atmospheric one, and at the moment we do not know whether in the future the TB mixing 
will remain a good approximation of the data or not. Two attitudes are possible. Either 
the TB pattern is an illusion due to our current poor experimental resolution, lacking in 
dynamical meaning, or such a simple pattern is hinting at some important features of an 
underlying theory of flavour. 

By inspecting the symmetry properties of charged lepton and neutrino mass matrices, 
it became apparent that TB mixing can arise from the spontaneous breaking of the flavour 
symmetry group A^ [2j . A simple and economic realization of this idea [31 HI [5] adopts the 
symmetry group A4 x Z^ x U{1)fn, whose breaking is driven by the vacuum alignment 
of a set of fiavon fields. The vacuum expectation values of these fields, in units of some 
fundamental scale A, provide small expansion parameters t and u in terms of which all 
relevant physical quantities can be expressed. An exact TB mixing is only expected in 
the limit of infinitely small t and u and in the real world corrections of order u ~ 0.01 
are expected. Explicit models with such a symmetry breaking pattern have been built, 
where the vacuum alignment is completely natural, being the result of the minimization 
of the most general scalar potential invariant under A4X Z^ x U{1)fn, in a finite portion 
of the parameter space. The charged lepton mass hierarchy arises naturally, a la Froggatt- 
Nielsen [6], from the breaking of the U{1)pn- component induced by t. Neutrino masses 
are constrained in this picture and a number of experimental tests are already possible 
within the neutrino sector alone [7] . Nevertheless it would be highly desirable to test these 
models beyond the neutrino sector. 

This possibility can be offered by processes with lepton flavour violation (LEV) ex- 
pected, at some level, for massive and non-trivially mixed neutrinos. At low-energy LEV 
is described by dimension six operators, suppressed by two powers of a new physics scale 
M, which could be much smaller than the fundamental scale A, thus allowing observable 
effects. In models based on flavour symmetries rates of LEV transitions usually receive a 
double suppression: one from 1/M^ and one from the parameters that break the flavour 
symmetry, in our case t and u. In a previous set of papers |8l |9l |T0] radiative decays of the 
charged leptons have been analyzed in models invariant under ^4 x Z3 x U{1)fn, finding a 
generic suppression u'^/M^ for the rates, that can become more severe in a supersymmetric 
(SUSY) realization of A^x Z^^x U{1)pn- Eor instance, in this last case the decay rate of 
/i — )■ 67 can scale as t^u'^/M'^, leaving room to a relatively light scale of new physics M. 

In this paper we complete the analysis of LEV in A^x Z^x U{1)fn symmetric models, 
by building the most general dimension six effective Lagrangian allowed by the symmetry. 
Contrary to the expectations of many models based on flavour symmetries, such effective 
Lagrangian contains four-lepton operators that break the conservation of the individual 
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lepton numbers, while being fully invariant under the flavour symmetry [8J. These op- 
erators leads to LFV transitions whose rates are suppressed only by 1/M^, which can 
result in strong bounds on the scale M. We carefully analyze all such transitions, that 
satisfy the selection rule ALgAL^AL^ = ±2. We separate our discussion according to the 
type of leptons involved in the transition: four neutrinos, two neutrinos plus two charged 
leptons, and four charged leptons. We find that the strength of the new LFV operators 
are most severely bound by the observed universality of leptonic muon and tau decays, 
from the agreement between the Fermi constant measured in the muon decay and that 
extracted from the my/ /mz ratio, and from the limits on the rare decays r^ -^ fi~^e~e~ 
and r^ — )■ e^fi^fi^. The present experimental limits on the branching ratios of these two 
tau decays push the scale M above 10 TeV. 

We also analyze a specific SUSY realization of A^x Z^x U{1)fn, motivated by several 
considerations: it offers a natural solution to the required vacuum alignment, it might be 
required to realize the embedding of the model in a grand unified theory and it provides 
a natural framework for a relatively small scale of new physics M, related to the SUSY 
breaking scale. In this SUSY model the four-lepton LFV operators arise from box dia- 
grams, with neutralinos, charginos and sleptons circulating in the loop. For all processes 
that were allowed by the selection rule AL^AL^ALr = ±2, we find rates suppressed at 
least by eight powers of the symmetry breaking parameters t and/or u, at variance with 
the result of the model-independent analysis. We provide a detail explanation for this 
singular behavior and we reconsider all possible LFV transitions in the SUSY model. We 
end up with a complete picture of most relevant LFV processes for the model at hand. 

Our work is organized as follows: after a short review of the main features of A^, we will 
build the most general four-lepton effective Lagrangian invariant under A^x Z^ x U{1)fn 
and allowing for LFV. Subsequently we will discuss the bounds on the Lagrangian from 
the available data. Finally we will analyze the specific SUSY version of Aa,x Z-^x U{1)fn 
and we will go to the conclusion. 

2 Brief review of the model 

We will consider a model based on the fiavour symmetry group 

Gf = A^xZ,x Uil)FN (1) 

that has been especially tailored to approximately reproduce in a simple and economic way 
the TB mixing scheme [3l H] . The three factors in Gf play different roles. The spontaneous 
breaking of the first one, A4, is directly responsible for the TB mixing. The Z3 factor is 
a discrete version of the total lepton number and is needed in order to avoid large mixing 
effects among the flavons that give masses to the charged leptons and those giving masses 
to neutrinos. Finally, U{1)fn is responsible for the hierarchy among charged fermion 
masses. The group A4 has twelve elements, three unidimensional representations 1, 1', 1" 
and a three dimensional representation 3. For our purposes, it will be useful to report 
explicitly the tensor products of the group representations: 

1®(1,1',1",3) = (1,1',1",3) 



1'®!' = I" 

1"®1" = 1' 

1'®1" = 1 

1,1', 1"® 3 = 3 

3®3 = 1©1'©1"©35©3^ , (2) 

where 3^ and 3a denote symmetric and antisymmetric combinations, respectively. Con- 
sider two general triplets 

a = (01,02,03) , b={bi,b2,b3) , (3) 

they can be combined into one dimensional representations (we work in the basis of ref. 

my- 

1 = (ab) = {aibi + 02^2 + 0363) 
1' = (ab)' = (0363 + 0162 + a2&i) 
1" = (ab)" = (0262 + 0163 + asbi) , (4) 

or into two new triplets, a symmetric one and an antisymmetric one. 

3s = {0'b)s = -(2ai6i - 0263 - a3&2, 20363 - 0162 - 0261, 20262 - ^163 - cta&i) 

3a = (o6)a = -(0263 -03^2, 0162 -0261,0361 -0163) • (5) 

Moreover, given the singlets c, c' and c" transforming as 1, 1' and 1", the products 
ac, ad and ac" are triplets, whose explicite form is (oic, 02C, 03c),(o3c', Oic', 02c') and 
(02C", 03C", Oic"). Finally, note that the conjugate o* does not transform as a triplet; 
instead, (0^,03,02) does. 

The flavour symmetry breaking sector of the model includes the scalar fields (pT-, '■Psi ^ 
and 6. The transformation properties of the lepton fields L, Eg, E^, E^-, of the electroweak 
scalar doublet H and of the fiavon fields have been recalled in table 1. In our notation 
L = {Le,L^,Lr) are left-handed SU(2) doublets with hypercharge Y=-l/2, while Ee, E^ 
and Et- are right-handed SU(2) singlets with hypercharge Y = —1. Chirality projectors 
are understood. The following pattern of VEVs for the fiavon fields 



A 

A 

(e) 

A 
A 



(m,0,0) + O(m2) 
Cb{u,u,u) + Oiu^) 

CaU + 0{u^) 

t (6) 



where u and t are the small, real, symmetry breaking parameters of the theory, guarantees 
that the lepton mixing is approximately TB. The parameters Ca^b are pure numbers of 
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Table 1: The transformation rules of the fields under the symmetries associated with the 
groups yl4, Z3 and U{1)fn- 



order one and A is the cutoff of the theory. It is possible to achieve this pattern of VEVs 
in a natural way, as the result of the minimization of the scalar potential of the theory 

At the leading order, neglecting the 0{u^) contributions, the mass matrix for the 
charged leptons is diagonal with the relative hierarchy described by the parameter t. To 
reproduce the correct hierarchy we need 



t ^ 0.05 



(7) 



In the same approximation, the neutrino mass matrix is diagonalized by the TB mixing: 



U' 



TB 



'2JI i/Vs 

-1/^6 1/^3 -\|^f2 
~1/VQ 1/73 +l/v^ 



The 0{u^) contributions in eqs. (E]) and the NLO contribution to the Yukawa couplings 
give rise to corrections to the TB mixing of relative order u. The symmetry breaking 
parameter u should approximately lie in the range 



0.005 <u< 0.05 



(9) 



the lower bound coming from the requirement that the Yukawa coupling of the r does 
not exceed 47r, and the upper bound coming from the requirement that the higher order 
corrections, so far neglected, do not modify too much the leading TB mixing. The inclusion 
of higher order corrections modifies all mixing angles by quantities of relative order u and 
in order to keep the agreement between the predicted and measured values of the solar 
angle within few degrees, u should not exceed approximately 0.05. The unknown angle 
6'i3 is expected to be of order m, not far from the future aimed for experimental sensitivity. 
Such a framework can also be extended to the quark sector [12", '4]. Constraints from 
baryogenesis have been discussed in ref. [13]. 

The fields of table 1 and their transformation properties are common to a generic 
class of models, differing from each other by the specific mechanism leading to the desired 
vacuum alignment, eq. ([6]), and by additional heavy degrees of freedom. One such model 
has been realized in the SUSY framework [4J, where the special properties of the scalar 
potential in the SUSY limit are helpful in obtaining the correct vacuum structure. To 



construct a general low-energy effective Lagrangian depending on lepton fields we only 
need the information contained in table 1 and we do not need to specify any particular 
model, but in the final part of our work we will make contact with the SUSY realization 
ofref. [4]. 

3 Classification of four-lepton operators 

A complete basis of four-lepton operators, invariant under the SU(2)x U(l) gauge sym- 
metry, have been introduced by Buchmiiller and Wyler in [T^. Up to flavour combination, 
it consists of four independent dimension-six operators: 

{O.eYJ, = {L^E,){E'L^), (10) 

iOLrJ, = {L^YLa){L\L,), (11) 

{Ol^rj, = {L^YTL^){L'^,rL,) , (12) 

{OEErj, = {E^YEa){E\E,). (13) 

We are using a four- component spinor notation and r denotes the Pauli matrices acting 
on SU(2) indices. Greek letters specify the flavour content. Their possible values are e, 
H and r. The effective Lagrangian, invariant under SU(2)x U(l) gauge transformations, 
and depending on La and Ea is given by: 



N/35 
Jay 



+ {elL)7si<^lLrJ, + {eEE)$J{OEErj,] + ... (14) 

We have normalized the interaction strength to the Fermi constant Gp, which here we 
define by the relation [J 



m|,^l /l_ 7rae^(m|) 
" m| 2 y 4 V2GFml{l - Ar) ^ ' 

where mw,z are the electroweak gauge boson masses, aem("^|) is the running QED cou- 
pling constant evaluated at the mz scale, and Ar is the relevant SM radiative correction. 
This relation defines the constant Gp in terms of the experimental value of the W and Z 
boson masses. The Lagrangian C^ff is hermitian under the following conditions: 

{£Le)Js = i^LE)a-y 

/ l,3\a7 _ (p.i,S^|3S 
\^LL)p5 ~ y^LLla-/ 

(See)';] = (eEEfJ, ■ (16) 

Dots in flT4|) stand for higher order operators. The most general dimension-six effective 
Lagrangian depending on lepton fields also include other operators that we mention for 
completeness. They fall into two classes. The first one includes operators of dipole type. 



^It is useful to keep Gf distinguished from G^, the constant extracted from muon decay. 



describing leptonic electric and magnetic dipole moments and flavour changing radiative 
transitions such as /i — > 67, r —> fij and r — )■ 67: 

{O^^X = E^a^^rW,,H^L^ . (17) 

Their effect in the model under consideration has been analyzed in refs. [SI El ID]- The 
second class includes operators bilinear in the lepton fields containing a derivative and a 
double insertion of the Higgs multiplet H: 

{Oln)i = {L^fH)\ip{H^fK) 

[OeuM = {H^iD^H) {E^-f,E^) , (18) 

where D denotes the SM covariant derivative. They modify kinetic terms of neutrinos 
and charged leptons and lead to deviations in the neutral and charged leptonic currents as 
well as to deviation from unitarity in the leptonic mixing matrix. Their effects have been 
discussed in general in refs. [T5l [T6| [T7] . In the model under consideration the leading 
contribution to this second class of operators is flavour conserving and will not be further 
discussed here. 

The operators (0^^)^!^ and (O^j^)'^^ only differs by the contraction of the SU(2) indices. 
In terms of SU(2) components, they are given by: 

(OlXJ, = {ly^Yiya + e^Ye^) {v'^^v, + eS,e,) (19) 

- {i^^Y^a - e'^Y^a) {^^Ipe-y - e^lp^-y) 

+ ( A'^^a - eVea) ( Api^7 - e V7) • (20) 

The flavour symmetry Gf imposes some restrictions on the coefficients of Ceff- In a 
low-energy approximation, below the scale of flavour symmetry breaking, the four-lepton 
operators of the model originate either from genuine dimension-six operators invariant 
under Gf or from higher-dimensional Gj-invariant operators involving the insertions of the 
flavon multiplets. After the breaking of Gf by the VEVs in eq. ([2]), the latters become four- 
lepton operators proportional to some positive power of the symmetry breaking parameters 
t and/or u. As a consequence, the coefficients ej^ = {{.^le)^], (^ll))^L {^^YliJs^ {.£ee)Js} 
can be expanded in powers of the symmetry breaking parameters t and u. 

e;] = ie^%l + ie^''%l t + {e^''%] n + ... (21) 

Given the smallness of these parameters, here we will focus on the leading terms (£^°^)«5, 
that is on the operators that do not vanish when the symmetry breaking effects are ne- 
glected. In particular, there are four-lepton operators that violate flavour while being 



{oi,r 
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invariant under Gf and not suppressed by powers of t and/or u. We will classify them 
and we will study their effects. We find: 

- 2^GFai {L'YLe L'lpLe + 4 Z'^7^L^ UipLr+ 

2 L^YLe L^lpL, + 2 L'^YLp L'lpL;) 

- 2V2GfPi {L^YL^ L^lpL^, + 4 U^Lr L'lpLe+ 

2 UYLp L'^pL^ + 2 L^YLr L^ipL,) 

- 2v^G^7i (^"7^^r L^lpLr + 4 L^7''Le L^7pL^+ 

2 L^7^L. L^7,L, + 2 Uyi, U^pL,) 

- 2v^Gf as (L'^7''rLe L'lprL, + 4 L^7^rL^ L^7prL,+ 

2 L'^7''rL, L^7pfLe + 2 L'YrL^ L'lprL,) 

- 272^^/33 (I^7^^^M L^lprLp + 4 I^7^fL, L'^pTL,+ 

2 L^7''rL^ L^7pfL^ + 2 L'^YrL, L^lprQ 

- 2y2Gi.73 (I"7''rL, L^7pfL, + 4 Z'=7^^^e Z^7p^^m+ 

2 L^7^fL, L'^7pri:r + 2 L^YrL^ L^lprL^) + ... (22) 

where dots stands for operators that do not violate lepton flavour. For instance, there 
are three independent operators of the type (Cle;)^^, but they are all flavour conserving. 
Notice that among the operators of the type {OEE)ay o^^y o^^ of them is flavour violating. 
We found three independent operators of the type {0]^]J^^ that violate lepton flavour, and 
we call the corresponding coefficients ai, Pi and 71. Similarly, there are three independent 
flavor-violating operators of the type (C?£j^)q!!,, entering the Lagrangian with weights given 
by the coefficients 03, P3 and 73. All other operators in Ce/f either conserve flavour 
or are suppressed by some power of the symmetry breaking parameters t and u. From 
the Lagrangian (122|) it is clear that symmetry restricts the allowed operators to a class 
satisfying the selection rule ALgAL^AL^ = 0, ±2. By expanding the Lagrangian (122|) in 
neutrino and charged lepton components we get: 



-^e// ~ ^4:U + ^decay + ^NSI + ^ch (23) 



where 



£4^ = -2V2GF X 

{(ai + as) UeY^e l^elpl'e + (/?! + /^s) l^^lY^p ^^llp^^l + (71 + 73)'^T7'''^r Z^r7p'^r + 
4 [(71 + 73) l^eY^e l^plpl'^i + («1 + «3) l^piY^p i^rlpl'T + (/?! + h)i^TY^T l^elpl'e] + 
2 [(«! + 03) V^.Y^e VrlpVe + (/?! + Pz) ^rY^p ^elp^p + (7l + 73)i^e7^'^r V^.'^pV^ 

+h.c]} (24) 



^decay — —2y2Gp X 

[(1 + 873) eYi'e i^f.lpfi + 2(ai + 03) e^J^r i^ejpfi + 2(/3i + /33) 67''//^ i^TlpfJ'+ 

(1 + 8a3) fxYt^p ^rlpT + 2(/3i + /33) JlY^e ^plpT + 2(7i + 73) llY^T i'elpr+ 

(1 + 8/33) e7''z/e i^r7p^ + 2(ai + 03) 67''//^ z/e7pr + 2(71 + 73) cYi't i^plpA 
+h.c. (25) 

^Nsi = —2V2Gf X 

{[2(ai + ^3) z7e7Ve + 4(71 - 73) l^^,Yl'p + 4(/3i - /^s) z>r7''i^r] e7pe+ 

[4(71 - 73) Z/e7''l/e + 2(/3i + /^g) Z/^7''z/p + 4(ai - 03) Z/^7''Z/^] /i7p/i+ 
[4(/3l - /33) Z/e7^I^e + 4(ai - 03) Z>p7'''^M + 2(71 + 73) l^rYl^r] f-fpT} 

(26) 

Cch = —2\'2Gf X 

{(«! + ^3) e7^e e'jpe + (/3i + /33) fiYl^ filpl^ + (7i + 73)7^7^^ f-fpT+ 

4 [(71 + 73) eYe ffypfJ^ + (ai + 03) /i7^/^ ^7p^ + (A + /33)t^7^^ e7pe] + 

2 [(ai + 03) /i7^e f 7^6 + (/3i + /33) f 7''/^ e7p/i + (71 + 73)e7''r fx'jpT + h.c] + 

a [E^YEp E'^pE^ + h.c] } (27) 

In our notation all above fields are left-handed, except the charged leptons -Ee,/i,T that are 
right-handed. 

4 Bounds 

We discuss the bounds on the parameters e = {a, ai,3, /3i,3,7i,3}, by distinguishing three 
types of operators: those involving neutrinos only, those involving both neutrinos and 
charged leptons and finally those depending on charged leptons only. For simplicity we 
assume that all the new parameters e are real. 

4.1 Neutrino self- interact ions 

Neutrino self- interactions are poorly constrained by present data [TS]. Extremely mild 
bounds come from astrophysics. For instance limits can be derived by requiring that the 
mean free path of neutrinos propagating in the medium between the supernova SN1987A 
and us is comparable to or larger than the distance to the supernova [19]. Such bounds 
would allow self-coupling of a four-fermion interaction larger than the Fermi coupling by 
many order of magnitudes. Stronger bounds can be derived from the agreement between 
the observed invisible decay width of the Z boson and the value predicted by the Standard 
Model (SM). New neutrino self- interactions of the type considered here would contribute 
to both the decay width of the Z into four neutrinos at the tree level [20] , and to the decay 
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width of the Z into two neutrinos at the one- loop level [2T] . These new contributions remain 
sufficiently small for values of the couplings ai,3,/3i,3,7i,3 smaller than approximately 1 -^ 
100. 

4.2 Neutrino- charged lepton interactions 

The new operators containing two neutrinos and two charged leptons lead to several effects. 
Some of them add to the SM Lagrangian to modify the prediction for the purely leptonic 
decays of the charged leptons fi and r. The relevant Lagrangian for muon and tau decays 
is Cdecay, froui which we can identify the "Fermi" constants extracted from the decays 
/i — )■ ez/z/, r — > fiuu, r — )■ euu, that we call G^, Gr^ and Gre, respectively. By expanding 
the results in powers of the real parameters e, we find: 

G^ = G',.(l + 873 + 2(ai + a3)' + 2(/3i + /33)' + ...) 
G.^ = Gi. (1 + 8^3 + 2(/3i + /33)' + 2(71 +73)2 + ...) 
Gre = Gj. (1 + 8/33 + 2(71 + 73)' + 2(ai + «3)' + -) (28) 

where dots stand for higher powers of the parameters. We see that the operators (9£^ lead 
to amplitudes that interfere with the SM ones, so that the sensitivity to the correspond- 
ing parameters is higher, whereas the operators (9^^ contribute to the decays through 
non-interfering amplitudes. The presence of the new operators leads to deviations from 
universality in weak interactions. We have 



Gre 

Gfj, 

Grfi 

G^ 

Gt^ 

Gtp 



1 + 16(/33 - 73) + 4(7? + 497I - /3f + 15/31 + 27173 - 2/3i/33 - 6473/33) 

1 + 16(^3 - 73) + 4(7^ + 497I - «! + 15a| + 27173 - 2aia3 - 6473^3) 

1 + 16(^3 - /93) + 4:{P! + 49/3| -al + 15ai + 2^/93 - 2aia3 - 64/33a3) 

(29) 



These ratios can be directly compared with data using the following relations: 
Gf.) Tr ' ^ \mrj f{ml/m1)r]^^ 



Gre J BR{t- -^ e-Ve^r) f {^1/ m^) 



(30) 



where r^^r are the muon and tau lifetimes, f{x) = 1 — 8x + 8x^ — x^ — 12x2logx and 
radiative corrections are those of the SM |22] 

^^-(-^f)(-1?^(f-^^)) • 



a-\mi) = a-^-— log— ^— . 32 

dvr TUe OTT 

From the measured values of r^ and of BRij^ — > yU^z/^z/T-), BR{t~ — )■ e~z/eZ/T-) and their 
ratio 

r^ = (290.6 ±1.1) X 10"^^ s |23] (33) 





BR{t- 


' -^ e U^Ur) 


= 0.1785 ±0.0005 




BR{t- 


-^ fi'U^Ur) 


= 0.1736 ±0.0005 




BR{t- 
BR{t- 




= 0.9796 ± 0.0040 


we get 










= 1.0025 ±0.0047 


fG V 
\Gf, J 


= 1.0025 ±0.0048 



(34) 



G \ 

-^) = 1.0072 ±0.0041 

Gre J 

(35) 

Assuming values of the parameters e roughly of the same order, we see that the devia- 
tions from the SM prediction are dominated by the operators of type 0£j^, and we obtain 
the bounds 

- 0.0007 < /33 - 73 < 0.0010 [3a] 
-0.0007 < aa - 73 < 0.0010 [3ct] 
-0.0003 < «3 - /33 < 0.0012 [3a] (36) 

When the operators Of^ can be neglected, we get a milder bound on the new parameters. 
For instance, if /33 = 73 = 0, we have 

- 0.0033 < -ff - /3^ < 0.0043 [3a] (37) 

If we parametrize the effective Lagrangian in terms of a new mass scale M, through the 
relation 

2^20^8 = —, (38) 

we see that an upper bound on \e\ of order 0.001(0.06) corresponds to a lower bound on 
Mof order 5.5(0.7) TeV. 

The comparison between Gp in ( TT5|) . extracted from the W mass, and G^ in ( l28l) . 
obtained from the muon lifetime, leads to additional constraints on the parameters. It is 
convenient to express the ratio R = {m^/m\) in terms of G^. By expanding up to second 
order in the new parameters, we get 



R = R. 



SM 



1 - TTTT. -T (873 ± 2(ai ± as) + 2(/3i + (33))- 64—— TT^ls 



i^RsM 

(39) 
where we have defined 




RsM ^l + J\- ^ri^f'\ , = 0.77680(0.77611) (40) 

4 V2G'/,m|(l - Ar) 
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The numerical values have been obtained from ref. [25] in the OSII scheme, by using 
as inputs mz = 91.1875 GeV, as{mz) = 0.118, Aaf^ = 0.02761, m* = 173.1 GeV and 
rriH = 115(200) GeV. The experimental value of R, obtained by combining the PDG 
averages of the W and Z masses is 

^exp = 0.77735 ± 0.00048 (41) 

We first compare (139!) and (HT!) assuming dominance of the 73 parameter. We obtain 

- 0.0010 < 73 < 0.0004 [3a] . (42) 

If 73 is negligible, we get 

- 0.0041 < (ai + a3f + (/3i + (33^ < 0.0014 [3a] . (43) 

The bounds are approximately in the same range derived from the universality of the 
muon and tau decays. 

Weaker bound are derived from the non-standard neutrino interactions described by 
the Lagrangian Cnsi in eq. ( l26l) . These interactions are usually described in terms of a 
perturbation of the weak effective lagrangian. 

Cm SI = -2V2GF[e^^''{l^riyt5){lL,Rl,lL,R)], (44) 

where e^^ is a small parameter measuring the size of the deviation and I = e, ft, r. The 
strongest bounds are those on neutrino-electron interactions, e^^' . When a = l3 = e, fx 
they are derived from neutrino-electron elastic scattering [26] 

- 0.07 <e^f< 0.11 -1.0<e^f<0.5 [90% CL] 

-0.025 < e;^^ < 0.03 -0.027 < e^f^ < 0.03 [90% CL] (45) 

For a = P = T the limit comes from the e~^e~ — )■ uwy cross-section measured at LEP II 

- 0.6 < e^^ < 0.4 - 0.4 < e^^ < 0.6 [90% CL] (46) 

Similar bounds can be derived on flavour-changing terms a 7^ /3 from matter effects in 
neutrino oscillations, but they are not relevant for the present analysis. Indeed, by com- 
paring eqs. (!26l) and ( l44l) . we see that in our model, only flavour conserving terms are 
allowed (a = (3) and we have 

6:f = 2(ai + a3) 4i = 4(7i-73) 6^^ = 4(/3i - /Jg) , (47) 

while right-handed couplings are vanishing. From eqs. ( 115|) and (H6|) we get the 90% CL 
bounds 

-0.04 < (ai + ag) < 0.06 -0.006 < (71-73) < 0.007 -0.15 < (/3i-/33) < 0.1 . 

(48) 
With the exception of the limit on (71 — 73), at present these bounds are not compet- 
itive with those derived previously from muon and tau decays. A future improvement 
is expected from further analysis of data from KamLAND, SNO, SuperKamiokande and 
neutrino factories. 
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4.3 Charged lepton interactions 

New interactions among charged leptons are induced by the Lagrangian f l27|) . We have seen 
that LFV transitions obey the selection rule ALeAL^AL,- = ±2. This is a very interesting 
feature of the model under discussion. Usually SM extensions allowing for low-energy 
flavour changing four-lepton interactions are severely constrained by the experimental 
limits on the branching ratio fi — )■ eee: BR{fi — )■ eee) < 1.0 x 10^^^. In our model this 
transition is forbidden at the lowest order by the selection rule imposed by A4 symmetry. 
For the same reason also the transitions r — )■ eee and r — )■ /i/x/i are forbidden at the lowest 
order. The above selection rule allows the flavour changing decays r~ — )■ /i+e~e~ and 
T~ — )■ e^/i~/i~, whose branching ratios have the following upper limits at 90% CL |23] : 

BR{t- -^ fi+e-e-) < 2.0 x 10"^ BR{t- -^ eV~/^^) < 2.3 x 10"^ . (49) 

From ( 17r|) . we compute the corresponding decay rates 

r(r- -> /i+e-e-) = -^(ai + ag)^ 



2 ^5 



r(r —7- e^fi fj, ) 



Gim 



'F' 



967r3 
The total r width is approximately given by: 



^2 " 



(/5l + PsY + -J 



(50) 



1927r3 BR{t- ^ ^-v^v^)^ 1^2-11^ 0.18 ' ^ ^ 

and we get the 90% CL bounds 

bi + asl < 2.4x10"^ 



(/3i + /33)2 + Y < 2.5x10-^ . (52) 

These bounds are the most restrictive ones among those discussed so far. The effective 
Lagrangian (127|) also describes flavour- conserving four-lepton interactions, such as e"'"e^ — t- 
// (/ = e, /i, r), which have been constrained by the LEP data [27]. For instance, in terms 
of the effective operator —2\/2G F[tLL{(il''&){ flpf)], ref. [27] quotes 

e{f = 0.0168 ± 0.0133 e{2' = -0.0187 ± 0.0320 (53) 

Using ( l271l . we obtain the bounds at 3a 

- 0.006 < (71 + 73) + (/3i + /^a) < 0.014 -0.124 < (en + ag) < 0.086 .(54) 

Similar bounds exist on four-lepton flavour-conserving operators with different chirality 
structure. 
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5 A specific realization 

So far we have analyzed the consequences of the /I4 flavour symmetry in a general effective 
Lagrangian approach, without making reference to any particular model. The only model- 
dependent ingredient that we have used is the assignment of the lepton multiplets to 
representations of the full flavour group A^x Z^x [/(l)^^ given in table 1. It is interesting 
to investigate some concrete realizations of the flavour symmetry in a specific model, to 
see if the expectations based on the effective Lagrangian approach are fulfilled or not. 
Perhaps the most significant feature of the effective Lagrangian approach is the prediction 
of the leading order selection rule ALgAL^AL^ = ±2, which implies the dominance of the 
channels r~ — )■ ^^e~e~ and r~ — )■ e"'"/i~/i~ among the flavour-changing transitions. In this 
section we consider the supersymmetric realization of ^4 x Z3 x U{1)fn' discussed in ref. 
[1]. The fields in table 1 are promoted to chiral supermultiplets and a U{l)ji symmetry, 
eventually broken down to the i?-parity , is introduced to restrict the superpotential. This 
realization of A4 x Z3 x U{1)fn is particularly relevant since it offers a complete and natural 
solution of the vacuum alignment problem. Namely the specific pattern of VEVs given in 
eq. (Q can be reproduced from the minimization of the scalar potential of the theory in 
a finite portion of the parameter space, without any fine-tuning of the parameters. After 
SUSY breaking four-lepton operators are expected to arise at one-loop from the exchange 
of sleptons, charginos and neutralinos. They are naturally depleted by the effective SUSY 
breaking scale msusY, so that, in the absence of other suppressions, our parameters e are 
expected to be of order 

1 mi 



167r2 



m 



2 

SUSY 



(55) 



If msusY ~ 1 TeV we have e ~ 10~^ which, as we have seen, is close to the experimental 
upper bounds on the branching ratios for r^ -^ /i+e~e~ and t~ — )• e+/i~/i~, see eq. (1321) . 
For this reason it is important to proceed to a direct estimate of the rates for lepton 
flavour violating processes in the SUSY model in order to establish their strength and 
their relative hierarchy. We first focus on the potentially most dangerous transitions: 
T~ — )■ /i+e~e~ and r^ — )• e^fi^fi^. At one- loop these transitions are described by box 
diagrams alone, since penguing diagrams always require a particle-antiparticle pair in the 
final state. It is useful to analyze these diagrams in the so-called super-CKM basis, where 
gaugino-lepton-slepton vertices are flavour diagonal. Neglecting Higgsino exchange, whose 
contributions are suppressed by lepton masses, the only sources of flavour change are the 
off-diagonal terms of slepton mass matrices {rn^)MN-, which can be analyzed in the mass 
insertion approximation, expressed through the parameters 

/x \ {mij)MN , , 

[OijJMN = 2 (^") 

''T^SUSY 

where M, N = {L, R) are the chiralities. A quick inspection of the relevant box diagrams 
reveals that both transitions require at least two mass insertions: 6re and 5^e for r^ — > 
fi~^e~e~ and 6r^ and 6^e for r^ — t- e^fi^ft^ and the corresponding amplitudes scale as: 

1 777 

M{t- -^ /i+e-e") ex 2 ^ X 6^J^^ (57) 

iOTT TTlgjjgY 
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1 /77 

M{t' -^ e+/i"/i") oc ^ ^ X (5^^(5^e (58) 

ibvr rrigugY 

The most general slepton mass matrices compatible with the ^4 x Z3 x U{1)fn flavour 
symmetry in the super-CKM basis have the following leading order structure [9| [TO]: 



l + 0(n) 0{u 



2\ 



iLL = rhtLL=\ 0{u') l + 0{u) 0{u') \m'susY (59) 



m^rr = m 



0{u^) 0{u 




I 0(1) 0{tu) Oifu) 
Krr = 0{tu) 0(1) 0{tu) I mi.^sY (60) 

V Oit^u) 0{tu) 0(1) 

(nif. c rrieU c rrieU 
c rrif^u rrif, c m^w | msuSY (61) 

c rriT-u c rrirU rrir 

where k and c are model dependent coeflicients. Depending on the chirality structure of 
the four-lepton operator we can have different type of suppression: 

1 Tfi 

A^(r" -)■ /i+e^e") ex -— ^ „ ^ x w^ (LLLL) 



oc „ ^ X t^M^ (RRRR) 

IQtt' m'susY 

1 TTT- 

oc ^ X tM^ (LLRR) (62) 



167r2 ml^cjy 




1 m| 


X t^u^ 


16vr2 mlusY 


1 m\ 


X tM^ 


16vr2 m|^5y 


1 m| 


X u^ 


16vr2 m|^sy 


1 m\ 


X t\2 


16vr2 m|^sy 


1 m| 


V +1,3 



Mir -^ e^ii jj, ) oc -— -^ „ ^ X u'' (LLLL) 

167r2 m^^sy 

1 772 

oc ^ ^ X t\2 (RRRR) 

16vr2 m^^sy 

1 TTT- 

oc ^ ^ X tM^ (LLi?i?) (63) 

167r2 ml^gy 

The chirality structure (LRLR) is not included because it is strongly suppressed by the ra- 
tio mi/msusY- We see that both amplitudes vanish in the limit of exact flavour symmetry, 
contrary to the expectation based on our effective lagrangian appproach. In principle the 
flavour symmetry allows for non-vanishing amplitudes, but the speciflc SUSY realization 
considered here prevents no n- vanishing contributions in the exact symmetry limit. Such a 
result can be justifled by analyzing the speciflc symmetry properties of the SUSY model. 
Indeed, it is easy to recognize that, in the limit of exact flavour symmetry lepton masses 
vanish, and so does the block rhljn^, whereas rhlj^j^ is proportional to the unit matrix and 
m^jiji is diagonal. The flavour symmetry in this limit is larger than A4^ x Z3 x U{1)fn: 
it contains SU{3)l x U{l)eR x U{1)^r x U{l)rR, which forbids any flavour-violating tran- 
sition in the lepton sector. Since both u and t symmetry breaking parameters lies in the 
percent range, the predicted rates for r^ — t- fi^e^e^ and r^ — t- e^fi^fi^ drop by more 
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than ten order of magnitudes below the present experimental sensitivity. Indeed in the 
SUSY model all the operators of Cdecay, eq. f l25|) . originate from similar box diagrams and 
they get the same suppression, thus relaxing also the bounds coming from universality 
in leptonic muon and tau decays, and from the agreement between the Fermi constant 
measured in the muon decay and that extracted from the mw/mz ratio. 

Given this strong suppression of the apriori favoured channels r~ — )■ /i+e^e^ and 
r^ — ;■ e^/i^n^ , we would like to establish which is the leading flavour violating process in 
this SUSY realization of A4 x Z3 x U{1)fn- We should look for transitions where a single 
mass insertion occurs. In ref. [U [10] a detailed analysis of the dipole transitions fj, — )■ 67, 
T ^^ fi'j and r — )■ 67 was presented. In terms of the normalized branching ratios 

the generic expectation in the SUSY model is 

Rij = 4 aem\Wij u\ (65) 

where aem is the fine structure constant and Wij are dimensionless parameters of order 
one. Such behavior is due to the dominance of the mass insertion of RL type, leading to 
an amplitude linear in the symmetry breaking parameter u. As apparent from eq. ( 16T]) 
the amplitude is proportional to the model-dependent coefficient c. There is a class of 
SUSY model where c actually vanishes [9]. In this case the ratios Rij are of the form: 



6^n^ 

^ ''^SUSY 



2 

I (1) 2|2 , ^j\ (2) |2 



(66) 



Q 2) 

where w^ • ' are order one parameters. Even in the case c = the dipole transitions appear 
much more favoured with respect to r^ — > /i+e~e~ and r^ — )■ e^ ^~ ^~ . The best present 
(and future aimed for) limit is for /i — > 67: 

Ei?(/i -^ 67) < 1.2 X 10~" (10^^^) (67) 

which implies the following bounds (setting w)j.e =1) 

msusY > 255 (820) GeV {u = 0.005) (68) 

msusY > 0.7 (2.5) TeV {u = 0.05) . (69) 

A related process is the decay /i~ — )■ e'e'^e'. Within our SUSY model, at one loop 
there are contributions both from 7- and Z-penguin diagrams and from box diagrams, 
dominated by a single flavour changing mass insertion in a slepton propagator. The 
dominant contribution comes from the 7 penguin diagrams, and we can relate the BR of 
this process to the /x — )■ 67 one [28] 

Br(/i" -^ e"e+e") ^ 7 ■ 10"^ Br(/i -^ ej). (70) 
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Process 


Suppression 


yU~ —7- e~7 


t^u^ 


T- -^ /i-7 


t^u^ 


r~ — )■ e~7 


ti^ 


fi~ — 7- e~e"'"e^ 


t^n^ 


r~ — )■ /x~/i+/i~ 


t^iz^ 


r^ — )■ /i~e"'"e^ 


t^n^ 


r^ — )■ e'/i"*"//' 


iz^ 


r" — )■ e"e+e" 


iz^ 


r" — )■ /i+e~e^ 


uH^ 


r~ — )• e^fi~fi^ 


uH^ 



Table 2: Parametric suppression of the rates for lepton flavour violating processes, assum- 
ing the behavior of eq. (IMj) for the dipole transitions and of eqs. flS^ and flMjl for the 
last two processes. 

From the current upper bound Br{^^ — )■ e~e~^e~) < 1.0 x 10~^^, using the estimate for 
BR{fj, — )■ 67) of eq. (IMj) . we find 



m5t/5y > 140 (225) GeV {u = 0.005) 

m5t/5y > 400 (700) GeV (u = 0.05) 



(71) 
(72) 



where in parenthesis we have shown the results assuming an improvement of the limit 
by one order of magnitude. Other r decays such as r^ — )■ e~e"'"e~ ,r^ — t- /i'/i^/x", 
r^ — )• fi~e'^e^ , r^ — )■ e~ fi~^fi~ , have a relationship with r — )■ /i7 analogous to that between 
/i~ — )■ e~e~e~^ and /i — )■ 67. We summarize the suppression of the rates for these processes 
in Table 2. In this SUSY model there are no LFV transitions that are non-vanishing in 
the limit of exact flavour symmetry. Flavour violating r decays have rates comparable to 
those of fi decays, but the present and future experimental sensitivities are much worse 
compare to yU — )■ 67, for which the prospect of detection are the best in this model. 

Finally we comment on yU to e conversion in nuclei. Although quarks go beyond the 
description provided by the flavour symmetry ^4 x Z3 x U{1)fn, yU to e conversion in nuclei 
can be included in our discussion, since in the SUSY model considered here it is driven by 
a 7 penguin graph similar to that entering the decay fi~ — ?■ e~e^e~. The conversion rate 
CR(/i — !■ e in nuclei) is then related directly to the branching ratio of /x — )■ 67, through 
the relation (the range spans the nuclei used as target in real experiment) 



CR{fi -^ e) 



1.5 X 10-3 < ^^^;^^": < 3 X 10-2 



BR{i^ -^ 67) 



(73) 



Given the current experimental limit from SINDRUMII |29] with a gold target, CR < 
6.1 X 10-^3 , this channel is not competitive with fi — )■ ej. However, if Mu2e [30J and 
PRIME [31] experiments will reach the sensitivity of CR^^ < 6 x 10-^^ and CR^' < 10-^^ 
they could realistically set the most stringent constraint on lepton flavour violation. For a 
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titanium target CR^^ = 0.5 x 10 ^ BR{^ — > 67) [32j- Setting u = 0.05 we get msusY ^ 6.6 
TeV, while for u = 0.005, msusY > 2.3 TeV. 

6 Conclusion 

Violation of individual lepton numbers have been established in neutrino oscillations and 
might be confirmed in rare transitions involving charged leptons. Discovering LFV in 
charged lepton decays would represent a major step towards the solution of the flavour 
puzzle. First of all LFV in tau or muon decays at an observable rate requires new physics 
at an energy scale M not too far from the TeV scale, opening the exciting possibility of 
producing and detecting the new particles responsible for LFV at the LHC Moreover, in 
many models the same parameters that describe neutrino masses and mixing angles are 
also responsible for LFV, and testable predictions can be obtained. 

Among the proposals that have been formulated in the past to reproduce the nearly 
tri-bimaximal pattern of lepton mixing angles, a minimal one, in the sense of group and 
representations choice, is that based on the A4 x Z3 x U{1)fn flavour symmetry. In this 
class of models, the spontaneous breaking of the symmetry group is controlled by two small 
parameters t and u of order few percents, and the predictions can be organized as power 
series in such parameters. For instance deviations from the tri-bimaximal mixing pattern 
are of order u and CP-asymmetries in right-handed neutrino decays relevant for leptogen- 
esis are of order u"^. In order to test this idea it is important to systematically analyze the 
consequences of A4 x Z3 x U{1)fn for LFV. In a previous set of papers, radiative decays 
of charged leptons have been studied, both in a general effective Lagrangian approach and 
in a specific SUSY reahzation of ^4 x Z3 x U{1)fn- The three decays /i — )■ 67, r ^ fij 
and r — )■ 67 have similar rates in these models, but the rates derived from the effective 
Lagrangian scale as u"^ and require rather large values for the scale M, while in the SUSY 
realization the rates can be much more suppressed and can allow for a more accessible 
scale of new physics M. 

In the present work we have extended the analysis to cover all LVF transitions. We 
have analyzed the most general four-lepton effective Lagrangian invariant under ^4 x Z3 x 
U{1)fn- Such a Lagrangian describes several transitions that violate lepton flavour and 
that are not suppressed by any powers of t and/or u. All these unsuppressed transitions 
satisfy the selection rule ALgAL^AL^- = ±2, which would provide a nice signature of the 
assumed flavour symmetry. For instance the decays r~ — )■ fi~^e~e~ and r~ — )• e'^fi~fj,~ 
would be favoured over all the other decays with three charged leptons in the flnal state. 
Indeed, calling e the strength of the generic four-lepton interaction in units of the Fermi 
constant, the non-observation of these tau decays provide the strongest bound on e from 
the existing data: \e\ < (2 -^ 3) x 10^^. If interpreted as a bound on the scale of new 
physics M, this requires M above approximately 10 TeV. Slightly milder bounds comes 
from the observed universality of leptonic muon and tau decays and from the agreement 
between the Fermi constant measured in the muon decay and that extracted from the 
mw/^TT'Z ratio. 

In the second part of this paper we have analyzed LFV in the speciflc SUSY real- 
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ization of A4 x Z3 x U{1)fn- In this model, LFV proceeds through one-loop diagrams 
where sleptons, charginos and neutralinos are exchanged. Working in the super CKM 
basis, LFV is due to off-diagonal entries in the slepton mass matrices and can be an- 
alyzed in the mass-insertion approximation. Contrary to the expectation based on the 
general effective Lagrangian, a different hierarchy among the rates of LFV transitions 
is predicted. Processes where the individual lepton number is violated by a single unit, 
like /i~ — )■ e~e+e~, r~ — )■ e~e~^e~, r^ — )■ fi^fi'^fi~, t~ — > /i^e+e^, r^ — )■ e^fi^fi^ are 
favoured, with the corresponding rates being suppressed by u^^t^v?, while r~ — )■ /i"'"e~e~ 
and r^ — )■ e^fi^fi^ are more suppressed, their rates scaling as u^t"^ and uH"^, respectively. 
We have traced back this "anomalous" behaviour to the fact that, in the limit of vanish- 
ing u and t, the low-energy SUSY Lagrangian acquires a much larger flavour symmetry: 
SU{3)l X U{l)eR X U{l)^[i X U{l)rR, which forbids any flavour-violating transition in the 
lepton sector. We can also understand the predictions of the SUSY case by inspecting 
the relevant interaction terms. Once we go in the super CKM basis, neglecting higgsino 
interactions that are suppressed by small lepton masses, all the relevant interaction terms 
are flavour- diagonal. The only source of flavour violations are the off-diagonal terms of 
slepton masses. But slepton masses are diagonal when t and u vanish and in this limit 
lepton flavour is conserved. The crucial point is that in the SUSY model lepton flavour 
violation proceeds through bilinear terms of the low-energy Lagrangian. The symmetry 
group A4X Z^x U{1)fn allows for quartic invariant operators which violate lepton flavour, 
such as the effective Lagrangian we have discussed in the first part of this work, but it 
forbids any LFV at the level of bilinear terms. Our SUSY model does not represent the 
most general realization of the flavour symmetry A4 x Z3 x U{1)fn and leads to more 
restrictive conclusion about LFV processes. One the one hand this feature might allow 
to discriminate the SUSY realization of A4 x Z3 x ^7(1)^;'^^ from other models possessing 
the same flavour symmetry, but having a more general structure of interaction terms. On 
the other hand, as we have seen, in the SUSY model there are several characteristic cor- 
relations among LFV transitions, which could hopefully allow to test A4 x Z^ x f/(l)^7v 
against other possible underlying flavour symmetries. At the moment, given the present 
experimental sensitivity, fi ^ e'-f appear as the favorite channel. In the future, with im- 
proved experimental facilities, fitoe conversion in nuclei could provide the most stringent 
test of the model. 
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